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Abstract. We investigate, both experimentally and theoretically, the effect of coupling between resonant
scatterers on the transmission coefficient of a model system of isotropic scatterers. The model system
consists of a monodisperse layer of bubbles, which exhibit a strong monopole scattering resonance at low
ultrasonic frequencies. The layer was a true 2D structure obtained by injecting very monodisperse bubbles
(with radius a ∼ 100 µm) into a yield-stress polymer gel. Even for a layer with a low concentration of
bubbles (areal fraction, nπa2, of 10–20%, where n is the number of bubbles per unit area), the ultrasonic
transmission was found to be significantly reduced by the presence of bubbles (−20 to −50 dB) and showed a
sharp minimum at a particular frequency. Interestingly, this frequency did not correspond to the resonance
frequency of the individual, isolated bubbles, but depended markedly on the concentration. This frequency
shift is an indication of strong coupling between the bubbles. We propose a simple model, based on a self-
consistent relation, which takes into account the coupling between the bubbles and gives good agreement
with the measured transmission coefficient.

PACS. 43.35.+d Ultrasonics, quantum acoustics, and physical effects of sound – 43.20.+g General linear
acoustics

1 Introduction

During the last decade, there has been increasing inter-
est in the wave physics of complex materials, particularly
in the context of exotic phenomena such as Anderson lo-
calization in strongly disordered media [1,2] or negative
refraction in novel metamaterials [3]. In both cases, reso-
nances can play a vital role, either to ensure strong scat-
tering which is a necessary condition for localization or
to manipulate the phase so as to create unusual wave
propagation effects. For metamaterials, low-frequency res-
onances, for which the wavelength is much larger than the
scattering unit, are crucial [3]. For materials with acous-
tic resonances, bubbles are especially interesting, as they
are strong acoustic scatterers that exhibit a low-frequency
resonance known as the Minnaert resonance [4]. As a con-
sequence, propagation of acoustic waves is drastically af-
fected by the presence of bubbles in a liquid and this prob-
lem has been the subject of extensive studies [5–17]. In-
deed, bubbly media may be considered as acoustic meta-
materials, as they exhibit exotic properties such as a very
small phase velocity at low frequencies and a bandgap
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associated with resonances, regardless of whether the bub-
bles are ordered or not. In view of these rather spectac-
ular properties, and the inherent simplicity of a bubble’s
monopole resonance, bubbly media are often regarded as
model systems for acoustic studies, which have the poten-
tial to address fundamental questions that may be relevant
for the transport of any type of wave through materials
where strong wave scattering plays an important role.

One of the key issues for wave transport in strongly
scattering materials is the effect of coupling between scat-
terers near resonance, an effect that makes the traditional
independent scatterers approximation (ISA) inadequate.
To correctly account for the scattering from any scatterer
when the concentration becomes large, the influence of the
other scatterers must be included —a process called de-
pendent or recurrent scattering. In many previous studies
of wave propagation in strongly scattering media, interest
in the breakdown of the ISA has focused on interference
effects associated with the approach to Anderson local-
ization. Another possible effect of dependent scattering is
a shift in the resonance frequency of the scatterers. This
effect can be treated theoretically via effective medium
models [18], but since the effect is often rather small, it
can be difficult to detect, and so is frequently overlooked.
To gain a better understanding of the underlying physics,
a combination of experiment and theory on a system ex-
hibiting a large resonant frequency shift is needed. Acous-
tic resonances in a well-controlled bubbly dispersion may
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be good candidates to address this manifestation of the
breakdown of the ISA.

While different corrections to the ISA have been pro-
posed for bubbly media, no clear consensus exists about
which one is correct [13–16,19–22] and experimental data
are lacking. Indeed, on the one hand, experiments with
a finite number of bubbles are relatively numerous and
clearly demonstrate that the coupling between bubbles
plays an important role [23–26]. On the other hand, exper-
iments with a continuum of bubbles are often limited to
frequencies below or above the resonance [27–30] and sel-
dom investigate the resonance [5,7,31]. This lack of data
can be explained by the huge attenuation of sound in bub-
bly media around the resonance frequency, which makes
precise measurements a difficult task. Consequently, how
the coupling between bubbles should be taken into account
to correct the ISA formulation is still an open question.

An alternative approach to the ISA and its possible
corrections is the Multiple Scattering Theory (MST) [6,
32–34], which provides a systematic and accurate way
to take into account the coupling between the scatter-
ers. However, its exact implementation is limited to per-
fectly ordered systems, or to a finite number of disordered
scatterers. This limitation to a finite number of scatter-
ers in the disordered case is particularly critical when the
scatterers are bubbles. Since the frequencies of interest
correspond to large wavelengths compared to the typical
distance between bubbles, a large number of scatterers is
required in the finite system to give information that is
relevant to macroscopic samples.

In this paper, we investigate the effect of dependent
scattering on the resonant frequency of an ensemble of
bubbles by reporting measurements of the acoustic trans-
mission through one layer of identical bubbles. A layer of
bubbles presents the double advantage of being thin, so
that the transmission of sound remains measurable, and
of being a geometry simple enough to make analytical cal-
culations possible. Note that we use the term layer to refer
to an assembly of bubbles located on the same plane, i.e.
a 2D structure. This case differs from the thin layer of
bubbles sometimes investigated in the literature [11,35]
which refers to a thin 3D structure. To our knowledge,
the problem of the acoustic properties of one plane of bub-
bles has never been studied experimentally. We interpret
our experimental observations by developing a theoreti-
cal model that accounts for the interaction between bub-
bles, thereby extending previous calculations for a plane
of isotropic scatterers [36,37] and giving a simple physical
picture of the origin of the resonance shift. We find that
the large shifts in the resonant frequency that we measure
experimentally at low concentrations of bubbles are well
explained by our model.

2 Experimental set-up

2.1 Sample preparation

The production of 2D samples of identical bubbles was
obtained with a home-made set-up [31], whose key inno-

Fig. 1. Injection of bubbles: a capillary is moved in a pre-
programmed pattern of positions within the gel, delivering rows
of equally sized bubbles. The speed V at which the capillary
was moved and the pressure P in the syringe are the two pa-
rameters governing the bubble size and the distance between
bubbles.

vation was the use of a yield-stress polymer fluid as a
matrix for the injection of the bubbles. We used a com-
mercial hair gel (Dep, sport endurance gel, made in USA
by Henkel corporation) diluted with water and degassed.
The benefit of the hair gel for this experiment is that it
flows only if the applied stress is larger than a threshold
value (the yield stress). Hence if bubbles are sufficiently
small, they remain trapped in the gel at the exact place
where they have been injected.

The injection was performed as depicted in Figure 1.
A thin capillary (inner diameter of 20µm), connected to a
syringe with air at pressure P , was moved at constant
speed V in the gel. With a well-controlled flow of gas
through the capillary, as set by the pressure P , the move-
ment generated an array of equally spaced bubbles of the
same size. Thanks to a 3D displacement stage, the verti-
cal distance between successive rows of bubbles could be
pre-programmed, depending on the desired total concen-
tration.

Although a discussion of the exact mechanisms in-
volved in this process is outside the scope of this article, we
note that by varying the two parameters P and V , differ-
ent bubble radii a and distances between bubbles d could
be obtained. Examples of injections with different speeds
and pressures are given in Figure 2. Typically, small bub-
bles separated by large distances were obtained with low
pressures and high speeds (a = 80µm and d = 1060µm
for P = 1.33 bar and V = 1 cm/s), whereas high pres-
sures and low speeds generated big bubbles almost in con-
tact (a = 170µm and d = 355µm for P = 2bar and
V = 0.2 cm/s). All the configurations between those two
extreme cases were possible by a fine tuning of P and V .
Therefore, the device made possible the injection of quasi-
ordered monodisperse layers of bubbles, with a good con-
trol of the size and the concentration. However, the bub-
bles were never arranged in a perfect crystal, because it
was impossible to achieve a good “synchronization” from
one line to the other. As a result, there was an offset in
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Fig. 2. Examples of bubble arrays obtained with the injec-
tion apparatus shown in Figure 1, under six different condi-
tions. The three top series of four lines were injected with
P = 1.8 bar, and V = 1, 0.2, 0.5 cm/s from top to bottom.
The three bottom series of lines were injected with P = 2 bar,
and the same sequence of speeds.

the position of the bubbles, as is apparent in Figure 2, for
instance. The edges of the bubble array were even more
imperfect: since the motor stage needed to decelerate be-
fore turning to the next line, bubbles on the edges tended
to be significantly bigger that the ones in the middle of
the sample.

An important issue was the stability of the sample:
if the degassed gel was undersaturated with air, bubbles
dissolved in a matter of minutes. To prevent this, an in-
terval of several days was required between the degassing
of the gel and the injection, so that the gel was satu-
rated. With this precaution, samples were stable over sev-
eral hours, and it was checked that the size of the bubbles
was not changing during the course of the ultrasonic mea-
surements.

2.2 Ultrasonic measurements

Samples were injected with bubbles in a 1.2 cm thick cell
that was filled with the gel. The walls of the cell were
made from a very thin sheet of plastic (0.1mm). From the
acoustic point of view, the gel was very similar to water
and the walls were transparent, at least for the frequencies
considered in these experiments (∼ 100 kHz). Thus, when
no bubbles were present, we can consider the cell to be
equivalent to a slab of water. This equivalence was checked
experimentally by measuring both the longitudinal and
shear moduli of the gel. The longitudinal modulus, as de-
termined from the longitudinal ultrasonic velocity v, was
found to be identical to water (β′ = 2.3GPa, with β′′ too
small to measure at these frequencies). The complex shear

screen

thin-wall cell

hydrophone

transducer

Fig. 3. Sketch of the set-up for ultrasonic measurements.
A piezoelectric transducer emits an acoustic pulse that tra-
verses the cell containing the layer of bubbles and is detected
by a hydrophone.

modulus of the gel was also measured, using standard rhe-
ological techniques, at frequencies up to 100Hz: the results
are µ′ = 60Pa × ( ω

2π Hz )
0.1 and µ′′ = 13Pa × ( ω

2π Hz )
0.5.

Thus, by any plausible extrapolation of the shear modu-
lus data to ultrasonic frequencies, the shear modulus is so
much smaller than the longitudinal modulus that its ef-
fects on the acoustic properties of the gel are likely to be
negligible. The shear modulus is also much smaller than
the longitudinal modulus of the air (β′

air = 0.14MPa) and
thus does not affect the dynamics of the bubbles. This
was checked by measuring the resonance frequency of sin-
gle bubbles of different radii in the gel, using the same
method as in reference [38]. These measurements showed
that the Minnaert formula, derived for bubbles in a liquid,
is also valid in the gel.

The acoustic properties of the samples were measured
with the set-up of Figure 3. In a large tank (60 × 60 ×
120 cm3) filled with reverse osmosis water, a piezoelectric
transducer generated a pulse that propagated through wa-
ter, traversed the sample and reached the hydrophone.
The amplitude of the acoustic signal was small enough
(∼ 103 Pa) to prevent non-linear response of the bubbles.
Because the transmission through the layer of bubbles was
low, and because the divergence of the beam was not neg-
ligible (especially at low frequencies), the use of a screen
(a plastic ring wrapped with Teflon tape) was essential for
reducing spurious signals. The aperture, D, of the screen
was larger than the wavelength of the pulse to limit diffrac-
tion effects, but smaller than the typical size on which the
layer of bubbles could be considered to be uniform (i.e.
the bad edges of the injected area were excluded from the
measurement). In our experiments, D was 6 cm, the lines
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Fig. 4. Magnitude of the amplitude transmission coefficient
through one layer of 94 µm radius bubbles separated on av-
erage by 530 µm (see inset) as a function of frequency. Open
circles: experimental data. Solid, dashed and dash-dotted lines:
model with three possible cutoffs, b = d/

√
π, b = d and b = 0,

respectively (see text). Dotted line: MST prediction.

of bubbles were 8 cm long, and the maximum wavelength
was 5 cm (for the lowest frequency of 30 kHz).

Gaussian pulses, with central frequencies ranging from
30 to 250 kHz, were generated by an arbitrary waveform
generator connected to a piezoelectric transducer. The
pulses were recorded, with a hydrophone, in two differ-
ent cases: when the cell was mounted on the screen, and
when the cell was absent. The signals were averaged over
100 acquisitions when the attenuation was low (for ref-
erence measurements, for example), and up to 5000 ac-
quisitions for highly attenuated signals. The transmission
coefficient through the layer of bubbles, T , was obtained
by calculating the ratio of the Fourier transforms of the
signals with and without the cell in the path of the acous-
tic beam. Such a method, a priori, gives the contribution
to the transmission not only of the bubbles but also of the
gel and the walls of the cell. However, it was verified that
the cell filled with a bubble-free gel has a transmission co-
efficient of 1, justifying the suitability of our methodology
for measuring the contribution of the bubbles only.

3 Results and discussion

Figure 4 shows the magnitude of the transmission mea-
sured through one layer of 94µm radius bubbles sepa-
rated by 530µm. The first observation is that even a small
fraction of bubbles (here the areal fraction is 10%) can
efficiently block the propagation of low frequency ultra-
sound. The presence of the layer reduces the amplitude
of the sound by more than a factor 10 throughout the
100–250 kHz frequency band. The transmission can even
be much lower and reaches a minimum of 3 × 10−3 at
56 kHz. Interestingly, this frequency is 70% higher than
the resonance frequency of the individual bubbles of the
layer (∼ 33 kHz). This is a clear evidence of the strong
coupling between bubbles. Note that the shift of the reso-
nance frequency to a higher frequency may seem surpris-

ing. Indeed, as the bubbles of the plane are driven in phase
by the incoming plane wave, we could expect a lowering of
the resonance frequency, as usually observed for a system
of oscillators in phase.

A single isotropic scatterer excited by an incoming
monochromatic plane wave pe exp(ikx − iωt) generates a
spherical field (fpe/r) exp(ikr − iωt), where f is the scat-
tering function of the scatterer. For a bubble of radius a,
f is given by

f =
a

(

ω0

ω

)2 − 1 − iδ
, (1)

where ω0 is the Minnaert resonance of the bubble and δ
its damping constant [4,39,40]. The bubbles’ oscillations
are damped by three mechanisms: viscosity, thermal losses
and radiation. For the sake of simplicity, we will focus
for now on the radiative damping and take δ = ka; in
the comparison of theory with experiment later on, we
include all contributions to δ. Note that all our results in
this article are valid for frequencies low enough to ensure
that ka ≪ 1 (i.e. the bubble’s radius is much smaller than
the wavelength). For bubbles, this condition is not at all
restrictive because the Minnaert resonance is a very low
frequency resonance: ω0a/v ∼ 10−2.

A plane of isotropic scatterers excited by a monochro-
matic plane wave pe exp(ikx− iωt) generates a plane wave
with amplitude 2iπfnpe/k [41], where n is the number of
scatterers per unit area. Thus the layer of scatterers gives
rise to a transmitted plane wave Tpe exp(ikx− iωt) and a
reflected plane wave Rpe exp(−ikx − iωt) with

T = 1 + Kf, (2)

R = Kf, (3)

where K = 2iπn/k. Richard Feynman used these relations
in his famous lectures [42] to introduce the physical prin-
ciple of the optical index of a medium. If we consider that
the plane of scatterers is a thin layer of homogeneous ma-
terial with a thickness given by d = 1/

√
n, the phase dif-

ference induced by traversing the layer can be attributed
to an effective wave number κ = k + 2πf/(kd3), which is
nothing else but the expansion of the classical Foldy law:
κ2 = k2 +4πNf [43], where N is the number of scatterers
per unit volume.

The previous calculation assumed that the scatterers
were independent. In our case, we know that the presence
of other bubbles around one bubble drastically modifies
its scattering properties. Bubbles are usually strongly cou-
pled to each other and the scattering function f should be
replaced with a new function F accounting for the interac-
tions between the bubbles: Fpe = fptot, where ptot is the
total field at each scatterer. In the general case, calculating
F is a difficult task [13,15]. But for the simple geometry
of the plane, a considerable simplification occurs: all the
bubbles are experiencing the same average field. Therefore
we can consider, without loss of generality, the bubble lo-
cated at the origin of our system of coordinates, which
experiences a total pressure ptot = pe(1 + K̃F ), where K̃
is defined by

K̃ =
∑

n

1

rn

eikrn , (4)
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the summation being over all the other bubbles of the
plane and rn denoting the distance of bubble n. By the
definitions of F and f , one then obtains the self-consistent

relation F = f(1 + K̃F ) which leads to

F =
f

1 − K̃f
(5a)

=
a

(

ω0

ω

)2 − 1 − iδ − K̃a
. (5b)

The last step to obtain a complete expression for the
transmission through a plane of bubbles is the evaluation
of K̃. The approximation of a continuous distribution of
scatterers on the plane allows us to use an integral expres-
sion

K̃ ≃
∫

∞

b

2πneikrdr = Keikb, (6)

where b is a cutoff distance below which no other bubbles
are supposed to be found. With this notation the trans-
mission coefficient T = 1 + KF becomes

T = 1 +
Kf

1 − Kfeikb
. (7)

The exact choice for b is not a trivial question. A nat-
ural choice can be to consider that b = d because d is the
distance between two successive bubbles. Another choice
is b = 0, which is equivalent to neglecting any correla-
tions in the positions of the scatterers (a gas of point-like
scatterers), and interestingly leads to the same result as
Foldy’s prediction for an infinitely thin layer of bubbly
liquid1. But it appears that realistic results are obtained
when taking for b the distance needed to define a unit cell
containing the proper areal fraction of scatterers, which is
b = d/

√
π. A formal justification is possible for an ordered

plane of bubbles, as will be discussed below. With this
choice for b, it is interesting to note that, providing that
kb ≪ 1, the effective total damping term in equation (5b)
has a very clear interpretation. Indeed, it can be written
as δ + Im(K̃a) ≃ 2πδ/(dk)2 = δλ2/(2πd2) (where λ is the
wavelength), which has the form of a super-radiative term,
due to many bubbles radiating coherently. Thus the radia-
tive damping of a single bubble is enhanced by the factor
λ2/(2πd2), which corresponds to the number of bubbles
in the area λ2/2π. As the wavelength we consider here is
large, the plane does not need to have a very high concen-
tration of bubbles for (λ/d)2 to be large, implying that F
is very different from f . Another consequence of the in-
teractions between the bubbles in the plane is a shift of
the resonance frequency of the system. The maximum of
amplitude of F is not reached for the individual resonance
of the bubbles but for a higher frequency

ωres =
ω0

√

1 − 2
√

π(a/d)
. (8)

In Figure 4, the amplitudes of the transmission T pre-
dicted by the three different choices for b are plotted in

1 See, for example, results in reference [35] when the thick-
ness h tends to 0, for isotropic scatterers.

Fig. 5. Measured phase of the transmission coefficient through
the same sample as in Figure 4 (open circles). A wave prop-
agating through the layer experiences a phase shift of about
+1.5 rad or −1.5 rad for frequencies lower or larger than the
resonance frequency, respectively. At the resonance, there is a
sharp jump of π in the phase. Theoretical results for the three
cutoffs considered in the model are also shown by the solid,
dashed and dash-dotted lines.

the case of our plane of bubbles. For b = 0 the minimum
of transmission occurs at the Minnaert resonance of the
individual bubbles, which disagrees with the experimen-
tal data. For b = d, agreement is also poor. On the other
hand, b = d/

√
π leads to excellent agreement: both the

position and the depth of the dip in transmission (due
to the resonance) are precisely predicted. Note that ther-
mal and viscous losses were included in the calculations;
neglecting them leads to a lower transmission at the reso-
nance. Using the same parameters, the model also repro-
duces very precisely the observed sharp jump in the phase
of the transmission coefficient at the resonance frequency
(Fig. 5).

A justification for the choice of the cutoff b = d/
√

π
can be found by considering the case of an infinite number
of layers of bubbles. Let us assume that identical layers are
at xn = nd, with n ≥ 0. By calculating the total pressure
field experienced by each bubble of plane n, we can write
that the scattering function Fn of layer n is

Fn/f = 1 + K̃Fn +

n−1
∑

j=0

KFj +

∞
∑

j=n+1

KFje
i2k(j−n)d. (9)

If we look for a solution of the form Fn = F ein(κ−k)d, two
conditions are needed to satisfy equation (9):

KF = ei(κ−k)d − 1, (10a)

cos(κd) = cos(kd) + i
Kf sin(kd)

1 − Kf(eikb − 1)

= cos(kd)

−
2πa
kd2 sin(kd)

(

ω0

ω

)2 − 1 − iδ − i 2πa
kd2 (eikb − 1)

. (10b)

Equation (10a) gives the amplitude of the sound wave
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transmitted through the bubbly medium, and equa-
tion (10b) is the dispersion relation2. This result is con-
nected to another system that gives additional insight into
the problem of determining the cutoff b. Indeed, if we con-
sider one bubble in a box, having four side walls that are
completely rigid and front and rear walls that are com-
pletely free to move, the method of images tells us that
this problem is equivalent to an infinite number of or-
dered planes of bubbles, every bubble of each plane being
in phase, and every successive plane being out of phase.
Consequently, the modes of the system are found by tak-
ing κd = π in equation (10b). The point of this analogy is
that the bubble in the box is a totally closed system, which
means that no radiative losses can occur. Thus, the damp-
ing in (10b) must also vanish, leading to the condition on
b given by cos(kb) = 1 − k2/(2πn). This gives a formal
justification for our choice of the cutoff b = d/

√
π 3. Note

that this demonstration is only valid for perfectly ordered
layers but should nonetheless be a good approximation for
our partially ordered system (Fig. 4 inset).

Because of this almost ordered state of the sample,
it is also appropriate to compare our experimental data
with the predictions of multiple scattering theory. MST is
known to give accurate results for ordered arrays of scat-
terers that have simple shapes, such as solid spheres or
rods, where the scattering can be calculated exactly. How-
ever, for bubbles, an important modification must be made
to traditional MST, as there are additional damping mech-
anisms (the viscous and thermal losses mentioned above)
that must be included to give accurate results. To perform
these calculations, we used the program MULTEL [44], in
which the viscous and thermal losses were incorporated
by replacing the sound speed in air by an effective com-
plex sound speed that mimics the effects of these damp-
ing mechanisms. The procedure was the following: 1) The
Minnaert angular frequency ω0 and the thermal and vis-
cous damping constant δ were calculated for the bubbles
of our sample (see, for instance, Ref. [26] for detailed equa-
tions). 2) The usual dissipation-free resonance frequency
of a bubble was written in terms of the velocity of sound in
air, va, as ωdf =

√

(3ρav2
a)/(a2ρl), where ρa and ρl are the

mass density of the air and the liquid, respectively [40].
3) The effective complex velocity v∗

a was then determined
by the condition that (3ρav

∗

a
2)/(a2ρl) equals ω2

0−iω2δ (cf.,
Eq. (1)). Because the distributed version of MULTEL only
allows constant parameters, we calculated v∗

a for the cen-
tral frequency of our bandwidth (100 kHz). However, the
frequency dependence was weak enough for this limitation

2 In the limit of large wavelengths, i.e. when kd, κd ≪ 1, κ
may be interpreted as the effective wave number in the bubbly
medium. The choice b = 0 for the cutoff leads again to Foldy’s
formula.

3 Strictly speaking, the condition brought by the “bubble in
the box” argument concerns only the imaginary part of K̃.
However, numerical calculations with equation (4) reveal that
the real part of K̃ is also well approximated by equation (6)
with b = d/

√
π, when kd ≪ 1. Note that in reference [37],

Tolstoy and Tolstoy use a mathematical subterfuge to calculate
the imaginary part of K̃, in perfect agreement with our result.

Fig. 6. Magnitude of the amplitude transmission coefficient
through one layer of 100 µm radius bubbles separated by
350 µm (see inset) as a function of frequency. Open circles:
experimental data. Solid and dashed lines: model with the cut-
offs, b = d/

√
π and b = d/2.1 respectively (see text). Dotted

line: MST prediction.

not to yield major errors. This procedure was used to cal-
culate the transmission through a single plane of bubbles
arranged in a square array, giving the results shown in
Figure 4, which are very close to our approximate theory
for this concentration of bubbles.

Agreement between the experimental data and the the-
ory was satisfactory for all the layers of bubbles we in-
vestigated, as long as the concentration of bubbles was
low enough. However, equation (8) predicts a qualita-
tive change in the behavior of the plane of bubbles if
d/a < 2

√
π ≃ 3.55, because ωres becomes imaginary. In or-

der to investigate this prediction, we measured the trans-
mission through a concentrated layer of bubbles for which
d/a = 3.5 (it corresponds to an area fraction of 26%). As
shown in Figure 6, our approximate model (solid black
line) does not predict any dip. Experimentaly, the mea-
sured transmission through this layer with a higher con-
centration of bubbles is very similar to the previous one,
the difference being that the average transmission is lower
and the position of the dip is shifted to higher frequency
(86 kHz, whereas the Minnaert resonance of the bubbles
is 31 kHz). In fact, our approximate model needs to be ex-
tended to take into account the short-range interactions
between the bubbles. These interactions have already been
described by Strasberg [45] for the simple case of a pair of
closely spaced bubbles, using an analogy with the electro-
static interaction between two spherical capacitors. When
the two capacitors are close together, the surface charge
distribution on each capacitor is no longer spherically sym-
metric. By analogy, when two bubbles are close together,
the oscillation of each bubble is no longer isotropic. This
effect results in a small correction when there are only
two bubbles, and it has not yet been observed experimen-
tally. In our case, the effect is much larger since many
bubbles are involved, and is expected to lead to a signif-
icant anisotropy in the bubble oscillations and hence in
the radiative acoustic field. Qualitatively, it is easy to see
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that the out-of-plane displacements will be larger than
the constrained in-plane displacements. However, a quan-
titative calculation of the resulting resonance properties
becomes very technical and ones loses the benefit of a
simple, physically transparent, theory. The multiple scat-
tering approach is then more appropriate. We therefore
performed the calculation of the transmission with MUL-
TEL in the case of this higher concentration sample. As
shown in Figure 6, the program predicts a dip in transmis-
sion, contrary to the approximate theory, but its position
and depth do not match the experimental observations. A
possible explanation of this discrepancy may come from
the imperfect ordering of the sample (see Fig. 6 inset).
Figure 6 also shows that, for the approximate theory, it is
possible to find a cutoff b that gives a reasonable agree-
ment with the measurements.

It is instructive to examine the physical reasons for
the observed increase of the resonance frequency. As al-
ready mentioned (see Sect. 1), a decrease of the resonance
frequency due to the bubble-bubble interactions has been
observed for clouds of bubbles [23,26,27]. Indeed, when
two bubbles are close to each other, the net effect of
their interaction is a decrease in their resonance frequency,
because each bubble experiences a pressure field gener-
ated by the neighbouring bubble that is in phase with
its own pressure field. This can be justified by consider-
ing equation (5b) in the special case of two interacting

bubbles. Then K̃ reduces to eikd/d, where d is the dis-
tance between the bubbles, and the resonance occurs for

ω = ω0/
√

1 + (a/d) cos(kd), which is indeed lower than

ω0 for kd < π/2. However, if the two bubbles are further
from each other, the phase between the two pressure fields
can change. For example, two bubbles that are λ/2 apart
(kd = π) will generate fields in anti-phase, leading to an
increase of the resonance frequency. If the cloud of bub-
bles is smaller than half a wavelength, all the contributions
are in phase, and the resonance frequency decreases. This
situation corresponds to the cases investigated so far in
the literature. But for an infinite plane of bubbles, both
in-phase and out-of-phase contributions exist: bubbles in
the first disk of radius λ/4 contribute to the decrease of
the resonance frequency, whereas bubbles in the next ring
of thickness λ/2 tend to increase the resonance frequency.
Thus, each successive ring of bubbles brings an opposite
contribution. For the particular case of a 2D sample, the
contribution of each ring has exactly the same magnitude,
because the 1/r range of the interaction is exactly com-
pensated by the number of scatterers in each ring. So the
net effect is expected to be exactly zero, i.e. no frequency
shift. Indeed, that is what one obtains with the choice of
cutoff b = 0. But when the cutoff is not zero, the con-
tribution of the first ring of bubbles is reduced, and the
balance of the contributions causes an increase of the res-
onance frequency, as observed experimentally.

It is interesting to consider the extent to which cor-
relations in the positions of the bubbles may be impor-
tant for causing the large shifts in the resonances that we
observe. It is sometimes assumed that, when the wave-
length of the ultrasonic wave is large compared with the

distance between the scatterers, the exact positions of the
scatterers do not matter [46]. Indeed, our samples were
quasi-ordered, and the formal justification of our model is
built on an argument for an ordered array. It would also
be interesting to check whether the transmission through
a totally disordered layer of bubbles is different from a
quasi-ordered one. However, with the device we used to
inject the bubbles, obtaining a truly disordered layer is
challenging, because the radius of the injected bubbles and
the distance between them are closely linked (changing the
pressure in the syringe or the speed of the capillary affects
both a and d). Thus, we have not been able to answer this
question experimentally, but one can predict on the basis
of our model that the appropriate cutoff b in equation (6),
which can be taken to be a measure of the correlations,
will be different for a random distribution. Indeed for the
extreme case of a gas of point-like scatterers, it seems rea-
sonable to take b = 0, which would eliminate the shift
entirely. For finite-sized scatterers with radius a, a more
plausible cutoff for a random distribution of scatterers
would be 2a. For bubbles, where a ≪ λ, the result will still
be close to the point-scatterer limit and quite different to
the ordered case. In general, the exclusion volume around
each scatterer will depend on how the samples are made,
and larger frequency shifts may be observed because of
the resulting position correlations. Thus, it would appear
that one should be careful about the neglect of positional
correlations in the long-wavelength limit when there are
low-frequency resonances, and the measured shift in reso-
nance frequency of an ensemble of scatterers may be quite
sensitive to such correlations.

4 Conclusions

In this article, we showed that a 2D monodisperse layer
of ∼ 100µm bubbles efficiently blocks transmitted ultra-
sound at low frequencies between 30 and 250 kHz. For an
area fraction of only 10–20%, the reduction in transmis-
sion ranges from −20 to −50 dB. This is a surprisingly
dramatic manifestation of the strong effect of bubbles on
ultrasound propagation.

Furthermore, the relatively simple geometry of a sin-
gle layer of bubbles has enabled us to study the effects of
bubble-bubble interactions on their resonances in consid-
erable detail. The transmission through the bubbly layers
clearly showed a minimum at a frequency that was much
higher than the individual Minnaert frequency of the bub-
bles, giving a dramatic demonstration of the shift in reso-
nance frequency that can result from the coupling between
the bubbles. For a bubble concentration of 10%, the reso-
nance frequency is increased by a factor of 1.7, while for a
concentration of 26%, the increase is even larger —a fac-
tor of 2.8. To account for this increase quantitatively, we
used a self-consistent model, which predicts the resonance
of the layer with very good accuracy (for concentration
below 15%) and allows the origin of the effect to be un-
derstood in a relatively simple way. Similar effects may be
expected in other systems with low-frequency resonances,
which are a common feature of most metamaterials.
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